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Introduction. -Radio-frequency guns are potential sources of high-brightness, lowemittances and short-bunch beams of electrons used in several applications such as the freeelectron laser [1, 2] .
Such beams have been produced with emittances near the thermal source limit. The nonlinear force generated by the coherent interaction of the electron beam with the acceleration structure walls -that is, of the so-called wake field, generally causes emittance growth and energy dispersion which result in diminishing the FEL performance [3] .
Time-dependent mode analysis based on the resonant modes of a cylindrical "pill-box" shape cavity is successfully used to compute the wake field [4, 5] and the energy loss [6, 7] for an ultrarelativistic beam. The electromagnetic response of a discontinuous conducting wall to an exciting charged particle is experienced only by the particles located downstream, in the wake. Furthermore, the self-field, or space-charged field, is negligible so that the only forces acting on a beam particle are the wake field and a possible focusing force. At the end, the beam is assumed to be traveling from −∞ to +∞ [6, 7] . However, in an RF gun, the beam is chiefly characterized by a fast transition, due to strong acceleration, from the nonrelativistic to the relativistic regime. If intense, its self-field must be taken into account [8] . In addition, an electron beam appears at t = 0, the time when the laser illumination begins, so that causality governs both synchronous and radiation fields [8] .
In this paper, we derive an analytical expression for the energy loss of the accelerated beam, by using a modal analysis technique that takes the effects of acceleration into account. This model is applied to the photoinjector of the "ELSA" facility (CEA, Bruyères-le-Châtel, France), as shown in fig. 1 .
According to experimental results [9, 10] , the exit hole influence can be neglected as long as r0 1 3 , where r 0 and are the hole and cavity radii, respectively ( fig. 1 ). Due to causality principle -which prevents any beam's field influence at a distance from the emissive cathode greater than ct-a "pill-box" cavity modelling is well found, with any > ct g [8] , where and g are the cavity radius and length, respectively ( fig. 1 ).
Analytical development of the energy loss. -The electric and magnetic fields E and B induced by an electron beam traversing a cylindrical cavity can be expressed as an infinite series of the eigenmode products [11] :
where ϕ λ (r, z) and a λ (r, z) are the solenoidal eigenpotential and eigenvector of the cavity given in [4] as
where ϕ 0 and a 0 are arbitrary amplitudes, and g are the cavity radius and length, respectively ( fig. 1 ), J 0 and J 1 are the Bessel functions of order zero and 1, respectively, j n is the n-th zero of Bessel function J 0 , and u r and u z are unit vectors along the r and z directions, respectively. In general, the summation extends over modes in all 3 spatial directions (m, n, p). However, due to rotational symmetry, only TM 0,n,p modes are excited, and the summation is thus limited to radial (0 ≤ n ≤ ∞) and axial (−∞ ≤ p ≤ ∞) mode-numbers. The coefficients r λ (t) and q λ (t) are related to the source terms ρ( x, t) and j( x, t) by [12] 
where
with c being the velocity of light; U λ , T λ and the source terms
where ε 0 is the permittivity of free space, and H is the Heaveside function. These source terms describe a radially uniform beam of radius a and velocity ν(z) = β(z)c, carrying a total uniform current I, whose axial profile isω(z, t). The beam is assumed to have stiff front and back, and time length τ , where τ is the time at which the whole beam is extracted from the cathode. We shall limit our study to currents flowing in the z-direction, the current density remains constant during the photoemission and the amplitude E 0 of the accelerating field of the RF cavity which works at 144 MHz may be considered as constant for beam pulse length τ of order of 100 ps [13] . As an approximation, the change of pulse shape dealing with space-charge force and wake field force will be ignored. Under these conditions, the velocity β(z, t) will be parallel to E 0 and independent of time [8] :
with
and
Here, e and m are the charge and the mass of the electron, respectively; z(t) is the longitudinal coordinate of electron at time t; t z is the time at which the element of the beam at location z leaves the photocathode, and E 0 is the RF electric-field amplitude on the photoinjector cathode. Now the energy loss by the electron beam is given by where µ 0 is the permeability of free space, and dV is the beam volume element in cylindrical coordinates. By substituting eqs. (1) and (2) into eq. (11) and after some algebraic reductions and manipulations, we obtain
In deriving eq. (12) we used the mathematical identity (13) and took advantage of the fact that the first integral on the right-hand side vanishes since a λ ×n = 0 on the boundary.
Numerical results. -As an example for our present numerical applications, we chose the ease of the parameters of the "ELSA" facility, namely I = 100 Am, πa 2 = 1 cm 2 , E 0 = 30 MV/m, g = 6 cm and τ = 100 ps. Figure 2 shows, for t = τ , i.e. at the end of the photoemission, the energy lost by the electrons on the beam surface r = a as a function of the normalized position Z = Hz. Figures 3, 4 , and 5 repeat the results of fig. 2 for t = t g /2, 3t g /4 and t g , respectively, where t g = 250 ps is the time at which the beam head reaches the photo injector exit z = g.
To interpret these results, we plot the beam velocity parameter β vs. the normalized position Z (fig. 6 ).
During the early beam transport, i.e. at the beginning of the beam acceleration (t = τ ), the energy lost by the electrons situated in the beam tail is greater than that lost by the electron situated in the beam head. Downstream, and during the transport from the cathode to the anode, two different behaviours appear. In the relativistic phase ( fig. 3 ), the energy loss curve is oscillating while in the ultrarelativistic phase ( fig. 4) the energy lost by the electrons inside the beam is slowly decreasing and that by the electrons situated at the tail of the beam is slightly greater than the energy lost by the electrons situated at the head of the beam. At the anode, when the beam head reaches the photoinjector exit (z = g, t = t g ), the energy lost by the electrons at the tail of the beam is of the same order of magnitude as that at the head of the beam, while the energy lost by the electrons inside the beam becomes constant. These behaviours are due to the variation of the beam velocity with time in the accelerated field; this provides a rigorous relativistic description of early beam transport and energy loss for beams of any aspect ratio and length, in which the velocity spread is relatively larger at the beginning.
Conclusion. -The energy loss for an accelerated electron beam passing through a laserdriven RF gun is investigated from conceptual, and computational viewpoints. An analytical formula of the energy loss, in a form suitable for easy implantation in numerical calculations, has been obtained using the time-dependent resonant modes of a cylindrical "pill-box" cavity. As an approximation, this formalism assumes a rigid beam pulse. The change of pulse shape dealing with space-charge force and wake field force is ignored. The beneficial effect of the variation of the beam velocity with time in the accelerated field provides a rigorous relativistic description of early beam transport and energy loss for beams of any aspect ratio and length, in which the velocity spread is relatively larger at the beginning; such monokinetic approximations could not be used. * * * The author is deeply indebted to Profs. J.-M. Dolique from CEA-PTN, Bruyères-leChâtel, France, for fruitful discussions of these results and A. Nayfeh, S. Shamma Chair Professor of Physics, the Hashemite University, Jordan, for helpful discussions of these results, reading this paper and making many useful suggestions for improvement.
